We provide a new characterization (valid for all 0 < p < ∞) of Schatten class membership of Toeplitz operators induced by positive measures acting on weighted Bergman spaces on the unit ball. The result is new even for the case of the unit disk.
Let C n denote the Euclidian space of complex dimension n. For any two points z = (z 1 , . . . , z n ) and w = (w 1 , . . . , w n ) in C n we write z, w = z 1w1 + · · · + z nwn , and |z| = z, z = |z 1 | 2 + · · · + |z n | 2 . The set B n = {z ∈ C n : |z| < 1} is the open unit ball in C n . Denote by dv the usual Lebesgue volume measure on B n , normalized so that the volume of B n is one. Throughout this paper we fix a real parameter α with α > −1 and write dv α (z) = c α (1 − |z| 2 ) α dv(z), where c α is a positive constant chosen so that v α (B n ) = 1.
The weighted Bergman space A 2 α (B n ) consists of those functions f holomorphic on B n that are in the Lebesgue space L 2 (B n , dv α ). It is a Hilbert space with inner product
The corresponding norm will be denoted by f α . The orthogonal projection P α :
is an integral operator given by
Given a finite positive Borel measure μ on B n , the Toeplitz operator T μ with symbol μ acting on A 2 α (B n ) is the densely defined integral operator
The operator T μ is well defined on H ∞ (B n ), the algebra of all bounded holomorphic functions in B n . It is easy to check that
We also need another averaging function. For z ∈ B n and r > 0 define
where D(z, r) = {w ∈ B n : β(z, w) < r} is the Bergman metric ball at z with radius r (here β(z, w) denotes the Bergman or hyperbolic metric). The boundedness and compactness of T μ on A 2 α (B n ) for positive μ can be described using the averaging functions μ r and μ :
Concerning the membership of T μ in the Schatten-Von Neumann ideal S p , there is a complete description using the averaging function μ r , but a description using the Berezin transform μ can only be obtained for a certain range of p. We recall that, for 0 < p < ∞, a compact operator T acting on a separable Hilbert space H belongs to the Schatten class S p if its sequence of singular numbers belongs to the sequence space p (the singular numbers are the square roots of the eigenvalues of the positive operator T * T , where T * is the Hilbert adjoint of T ). We refer to [7, Chapter 1] for a brief account on Schatten classes. Part of the result stated below is due to D. Luecking [2] when n = 1, and the general form is due to K. Zhu [8] . Here
is the Möbius invariant volume measure on B n . The cut-off point n/(n + 1 + α) in part (b) is best possible [8] , and it is related to the finiteness of the measure (1 − |z| 2 ) p(n+1+α) dλ(z). One could ask if it is possible to obtain a description in terms of some other integral transform (similar to the Berezin transform) being valid for all 0 < p < ∞. The positive answer given below is the main result of the paper. 
The necessity of the condition B t μ ∈ L p (B n , dλ) follows easily from Theorem A, so that the interesting case is the sufficiency, especially for small p. Throughout the paper, constants are often given without computing their exact values, and the value of a constant C may change from one occurrence to the next.
We need the following well-known integral estimate which has become very important in this area of analysis (see [6, Theorem 1 .12], for example).
Lemma B. Let t > −1 and s > 0. There is a positive constant C such that
We also need the concept of an r-lattice in the Bergman metric. Let r > 0. A sequence {a k } of points in B n is called an r-lattice if the unit ball is covered by the Bergman metric balls {D(a k , r)} and if β(a i , a j ) ≥ r/2 for all i and j with i = j. If {a k } is an r-lattice in B n , then it also has the following property: for any R > 0 there exists a positive integer N (depending on r and R) such that every point in B n belongs to at most N sets in {D(a k , R)}. There are elementary constructions of r-lattices in B n .
Proof of the necessity in Theorem 1. The case p ≥ 1 (or p(n + 1 + α) > n) follows
Since p(n + 1 + α + 2t) > n we can apply Lemma B and the fact that v α (D(a k , r)) is comparable to (1 − |a k | 2 ) n+1+α in order to obtain
Now, it has already been proved (see [8, p. 305 
and this together with part (a) of Theorem A finishes the proof of the necessity.
Before going to the proof of the sufficiency we need several properties on reproducing kernels. Recall that A 2 α (B n ) is a reproducing kernel Hilbert space with the reproducing kernel function given by K α z (w) = 1 (1 − w, z ) n+1+α , z,w ∈ B n , with norm K α z α = K α z (z) = (1 − |z| 2 ) −(n+1+α)/2 (see [6] ). The normalized kernel functions are denoted by k α z = K α z / K α z α . If {e k } is any orthonormal set of A 2 α (B n ), then
with equality if {e k } is an orthonormal basis of A 2 α (B n ).
